Submillimeter air-borne drops of well defined size are notoriously difficult to produce in the lab. Here, we demonstrate that any simple droplet dripper, in which millimetric droplets are created by letting them drip under gravity from a hollow needle, is readily turned into a versatile droplet generator capable of producing drops smaller than the needle diameter. This is achieved by vibrating the needle base at a frequency close to a flexing resonance of the needle tube. Through high-speed imaging and detailed image analysis we show that the droplets flung off one-by-one from the needle tip are uniform in size. The produced drop size is mainly set by the driving frequency and is practically independent of needle geometry or driving amplitude, making the generator robust and easily tunable. Like for a simple dripper, the drop ejection rate is independently controlled through the flow-rate. Since the needle diameter can be much larger than the produced drop size, clogging is not an issue. By using needles with different resonant frequencies we could produce droplets with radii anywhere between 100 microns to 1 mm with a high reproducibility (the production of smaller drops is possible in principle). We propose a mass-spring model for the vibrated pendant drop that captures all our observations. arXiv:1910.07024v1 [physics.flu-dyn] 
I. INTRODUCTION
Liquid drops are the drosophila of fluid dynamics research at the small scale. In many studies and applications, with topics ranging from drops walking on a vibrated bath [1] , Leidenfrost drop dynamics [2] [3] [4] , characterization of superhydrophobic surfaces [5] to drop collisions [6] , freezing of electrically suspended droplets [7] , acoustic levitation for macromolecular crystallography [8] or contactless fluid mixing [9] , one wishes to create individual free (air-borne) droplets with sizes well below the capillary length (radii below 1 millimeter). However, as is well known to anyone who has experimented with droplets in the lab, it is surprisingly difficult to create such small free droplets in a consistent and automated manner.
Droplets with radii of the order of one millimeter are readily created by letting them drip, under the action of gravity, from the tip of a standard hypodermic needle. The produced drop radius R in this configuration is set by a force balance between the downward pull of gravity F g ∼ ρgR 3 and the surface tension force F γ ∼ γc, by which the drop holds on to the outer circumference c of the needle (where ρ and γ denote the liquids density and surface tension and g is the gravitational acceleration). To create a ten times smaller drop by this method, a needle with a thousand times smaller outer diameter would thus be required.
Besides the difficulty in fabricating such thin and fragile needles, pushing liquid out through them requires exceedingly high pressures and is prone to clogging.
Uniform submillimeter droplets are therefore most commonly produced either using dropon-demand (DoD) type devices [10] [11] [12] [13] , in which droplets are ejected from a small hole or short nozzle by a pressure impulse, or through the (acoustically controlled) breakup of a liquid jet [14] [15] [16] [17] . The droplet radius in these methods is roughly set by the inner diameter of the nozzle, so that small drops are more easily produced as compared to the dripping method (requiring only a ten times smaller exit diameter for a ten times smaller drop).
However, for the smallest drop sizes clogging and viscous drag is still an issue, especially when using complex non-newtonian liquids. Furthermore, both methods require specialized equipment (such as high-voltage piezo drivers) to function and often have to be operated in a continuous mode for stable output (requiring a post-selection mechanism to obtain individual drops). Various alternative drop generation techniques have been proposed over the years, including a punctured vibrating membrane [18] , a liquid-air co-flow nozzle [19, 20] , or recently, local evaporation induced pinch-off [21] .
Here we propose an elegant method for producing single drops of tunable uniform size that inherits the simplicity and robustness of the gravitational dripping method. A great advantage of our method is that the produced drop size can be much smaller than the exit diameter, so that clogging and viscous drag are not much of an issue. The basic idea is shown in Fig. 1 . Instead of letting the droplet drip from a stationary needle ( Fig. 1A) , we horizontally vibrate the needle base ( Fig. 1B) . When the frequency of this vibration is close to the flexing resonance of the needle, the tip of the needle undergoes a large amplitude motion. This causes the pendant drop to be flung off sideways at a size significantly smaller than the needle diameter (inset Fig. 1B ). The effect would in principle be same for a stiff needle shaken at sufficient amplitude, but by exploiting the needles resonance a simple loudspeaker or other low cost actuator can be used. In general (depending on actuation and needle shape) the needle tip traces out an elliptical trajectory, so that the kinematics of the drop ejection resembles that of a pebble sling (Fig. 1C ). This slingshot method has been proposed before for producing small water drops [22, 23] , but it seems that there has never been any systematic investigation into the mechanisms underlying the process or the influence of the different control parameters on the droplet size. The magnification was such that 1 pixel corresponded to 14.6 µm. Shutter times were kept below 100 µs to prevent motion blur. A custom image analysis script was written to extract the droplet boundaries with sub-pixel accuracy (using gray-scale information). We checked that our boundary tracing method is robust against moderate amounts of motion and out of focus blur. The final detection resolution was estimated to be about 1 µm. An ellipse with axes perpendicular (half-width a) and parallel (half-width b) to the needle was fitted to the extracted drop boundaries. From this, the effective drop radius R = (a 2 b) 1/3 was determined, assuming that the drops are slightly flattened in the direction parallel to the needle (as will be discussed below).
III. WHAT SETS THE DROP SIZE?
In earlier works it was supposed that it is the maximum acceleration experienced by the pendant drop that mainly sets its pinch-off size [16, 21] . This makes sense if one assumes that the only role of needle vibration is to increase the effective gravity experienced by the drop (in the accelerated frame of reference of the needle tip). However, we found that although a certain minimum tip acceleration a c is required to produce drops ( Fig. 2A) , the drop size decreases only very gradually as the driving amplitude is increased beyond this value (at a fixed frequency) (see Fig. 2B ). Also the liquid injection rate does not seem to significantly alter the produced drop size (as long as the drop production rate stays below the needle frequency). This leaves the vibration frequency as the main candidate.
In Fig. 3A snapshots of droplet pinch-off at three different actuation frequencies (20Hz, 100Hz and 600Hz) are shown. A steep decrease in drop radius R with actuation frequency f can be observed. In each case the needle was driven at the critical acceleration a c . As shown in Fig. 3B and its inset, the R(f ) relation displays a clear power law behavior R ∝ f k with an exponent k = −2/3. Notice that the data points below 120Hz and at 600Hz were obtained with needles of completely different material properties and geometry, indicating that the scaling is very robust.
The relative standard deviation σ/R of the measured drop sizes is 2-3% for the frequencies below 120 Hz and about 6% for the 600 Hz case. This distribution is broader than what can be currently achieved with impulse driven DoD devices [13] , but it is probably narrow enough for many applications that need a simple and robust supply of small drops (of tunable size). At a driving frequency of 110 Hz a remarkably narrow radius distribution with a relative standard deviation below 1% was observed (see Fig. 3C, central panel) . At f = 120 Hz the distribution turned out to be bi-modal (Fig. 3C, bottom panel) . At this frequency, 30
Hz above the needles resonance, two drops of somewhat different sizes were observed to be ejected in quick succession at regular intervals (see inset Fig. 3C ). This rich variety in drop radius statistics hints at the possibility to engineer the drop size distribution by controlling the needle actuation more precisely.
We also investigated the effect of selecting drops based on the direction in which they fly off the needle. The red histogram bars in Fig. 3C show the distribution of drops that show minimal out-of-focus blurring as they move away from the needle (corresponding to drops that fly off in a direction parallel to the imaging plane). The distribution of these drops is significantly more narrow than that of the unfiltered drops, indicating that part of the distribution width can be attributed to slightly different detachment conditions in different directions.
IV. PINCH-OFF CONDITION
We can explain our observations with a simple mass-spring type model taking into account the inertia-capillary dynamics of the vibrated pendant drop (Fig. 4A ). Similar to a freely oscillating droplet [24] the small fluid mass collected at the end of the tip will have a natural oscillation frequency ω 0 scaling as ω 2 0 ∼ γ/(ρR 3 ). As the attached drop volume increases with time the drops natural frequency will eventually approach the needles angular frequency Ω = 2πf . Each time the resonant condition ω 0 ≈ Ω is reached the oscillation amplitude of the drop will diverge, causing it to detach. This model thus predicts the radius of the produced drops to be given by
where c is a pre-factor of O(1) which could depend weakly on the needle geometry, driving amplitude and viscosity of the liquid. Setting γ = 20.6 mN/m and ρ = 950 kg/m 3 (taken from the datasheet of the used silicon oil) we find that Eq. (1) fits the data very well with a prefactor of c ≈ 0.65 (see solid line in Fig. 3B ). Interestingly, Eq. (1) resembles that for the median droplet size produced in ultrasonic nebulizers [25] , except that Ω has to be replaced by Ω/2 in the case of the nebulizer, as the forcing is parametric in that case.
V. MASS-SPRING DYNAMICS OF THE PENDANT DROP

A. Experimental validation
To demonstrate the mass-spring behavior of the pendant drop in a more direct manner we tracked the horizontal locations of the drop and the needle as the drop slowly accumulates mass (Fig. 4B ). As shown in Fig. 4C the droplet position initially closely follows the motion of the needle, but once it reaches a certain critical mass its oscillation amplitude rapidly increases. This sudden divergence of the amplitude is more apparent in Fig. 4D, where we show the oscillation amplitude of the drop in the frame of reference of the needle tip. For a harmonic oscillator driven at resonance this amplitude divergence should be accompanied by a phase lag approaching 90 • with respect to the forcing. Such an increase in phase lag can indeed be observed (Fig. 4C) , providing strong support for the mass-spring model. Fig. 4B reveals that the oscillation amplitude of the needle slightly reduces just before the drop detaches, evidencing the efficient energy transfer from the needle to the drop at this point.
Careful inspection of the traces in
B. Role of viscosity
So far we have neglected the role of viscosity in the drop generation process. Viscosity can be incorporated in the mass-spring picture as a damping term F d ∼ µRv, where v is the velocity of the liquid mass relative to the needle tip and µ is the dynamic viscosity of the liquid. With this, an approximate equation of motion for the displacement δx of the pendant drop (in the accelerated frame of reference of the needle tip) can be written as
where α and β are geometric prefactors of O(1) and A n is the oscillation amplitude of the needle tip. By introducing R 0 = (αγ/(ρΩ 2 )) 1/3 (the resonant radius for µ → 0) as length scale and Ω −1 as time scale, this equation is cast in the dimensionless form
wherein X = δx/R 0 ,R = R/R 0 ,Ã n = A n /R 0 , T = Ωt and the Ohnesorge number Oh = µ/ √ ργR 0 appears as a parameter. In our experiments Oh ranges from 0.1 for the largest drops to 0.4 for the smallest drops.
The steady state solution to Eq. (3) is X =Ã d cos(T + φ), where φ is a phase lag with respect to the driving andÃ d = A d /R 0 , the dimensionless drop oscillation amplitude, is given by the resonance curveÃ
If we assume that pinch-off is triggered whenÃ d (R) ∼R, then Eq. (4) predicts both the existence of a threshold amplitude for drop production and a decrease in drop radius for a further increase in driving strength. For Oh < 1, the elongation E =Ã d /R reaches a maximum value of E * ≈ ( √ α/β)Oh −1Ã n (1 + /2) at a radius ofR * ≈ (1 + ), where = β 2 Oh 2 /(9α) represents a small shift in resonance condition as compared to the nonviscous case. By requiring E * ∼ 1, we obtain that the threshold vibration amplitude A c should vary as A c ∼ OhR 0 ∼ µ(γρ 2 Ω) −1/3 , or in terms of the needle acceleration a c = Ω 2 A c ∼ µΩ 5/3 (γρ 2 ) −1/3 . We have found that with α = 0.75 and β = 3.3 and by taking E > 2 as a pinch-off criterium (an elongation greater than one drop diameter) the model simultaneously captures the observed dependency of drop size and critical vibration amplitude on frequency ( Figs. 2A and 3A ) and the gradual variation of the drop size with vibration amplitude (Fig.   2B ). For a good quantitative agreement we had to assume that stable drop ejection only occurs when the driving strength is about 10% above the absolute minimum.
VI. DROP ROTATION AFTER PINCH-OFF
Finally, we have investigated the state of motion of the drops after they have left the needle. As mentioned above, the tip of the needle generally describes an elliptical trajec-tory. An interesting byproduct of this circular motion is that it can impart some angular momentum to the detaching drop. Detailed analysis of the droplet contours while the drops are in flight reveals that on average the drop shape is not exactly spherical (Fig. 5A ). They bulge out slightly in the plane perpendicular to the needle with an ellipticity κ of about 4%. This shape is consistent with a drop spinning at roughly the angular frequency Ω of the needle. A balance between the centrifugal force in a droplet spinning with frequency Ω d and surface tension leads to κ = (1/8)ρR 3 Ω 2 d /γ [26] . Combining this with Eq. (1) for the size of the drops we obtain κ = (c/8)Ω 2 d /Ω 2 ≈ 0.08 Ω 2 d /Ω 2 . Thus the observed ellipticity of 4% can be explained by a drop spin rate of Ω d ≈ 0.7 Ω. A slight decrease in ellipticity with an increase in forcing amplitude was observed (Fig. 5B ).
In addition to this flattening, a spinning droplet moving with velocity v through air (density ρ a ) should experience a lift force F L ≈ πρ a R 3 Ω d v (valid for small Reynolds numbers) perpendicular to its trajectory [27] . Balancing this with the required centripetal force We note that the observed small drop flattening and transverse deflection are only just within our detection limits. To ascertain that the droplet rotates, a more direct observation (e.g. by inserting tracer particles) would be favorable. This is beyond the scope of the current study however.
VII. CONCLUSION AND OUTLOOK
To conclude, the slingshot droplet generator produces drops of a nearly uniform size set by the condition that their Rayleigh oscillation frequency matches the needle actuation frequency. A minimum oscillation amplitude is required to overcome the viscous dissipation in the drop, but otherwise the size depends only very weakly on the amplitude. We have found evidence that some angular momentum can be imparted to the free drops.
The drop size can vary somewhat with the ejection direction. We suspect that this anisotropy can be either amplified or suppressed by controlling the needle trajectory in more detail (e.g. by controlling the ellipticity of the needle trajectory with two perpendicular actuators at the needle base). Other modes of operation (such as the bimodal ejection observed at frequencies above the needles resonance) could perhaps be found by exploring the effects of flow rate and frequency detuning over a wider parameter range.
An appealing aspect of the production process is that the main droplet and the accompanying satellite drop are spatially separated. They fly off in different directions and the smaller drops have a smaller horizontal travel due to air drag. This makes it possible to tap into one stream or the other by simple spatial filtering [22, 23] . The unique sideways droplet ejection can be advantageous in applications that need a gentle deposition onto a (liquid) surface or into an acoustic or electric trap.
An array of generators could be used to produce clouds of drops with a highly tunable size distribution, which may be beneficial in the challenging experimental study of natural cloud dynamics [28] .
Finally, the high needle diameter to drop size ratio that can be attained, could make the slingshot method especially suitable for the production of small drops of complex composition.
